We extend to p = 2 and p = 3 the result of Gillard and Schneps which says that the µ-invariant of Katz p-adic L functions attached to imaginary quadratic fields is zero for p > 3. The arithmetic interpretation of this fact is given in the introduction.
Introduction
Let k ⊂ C be an imaginary quadratic field and let us denote by O k its ring of integers. let p be a prime number which splits completely in k, that is pO k = pp, where p andp are the prime ideals of O k above p. Let us also fix K a finite abelian extension of k. Then we denote by K ∞ (resp. k ∞ ) the unique Z p -extension of K (resp. k) unramified outside of p. Of course we have K ∞ = Kk ∞ . We are interested in the Galois group
where M ∞ is the maximal abelian p-extension of K ∞ unramified outside of p. Let us write Γ for the Galois group of K ∞ /K, Γ := Gal(K ∞ /K), then X ∞ is naturally a module over the Iwasawa algebra Λ := Z p [[Γ] ]. Moreover, Greenberg has proved in [12, Remark at the end of §4] that X ∞ is a finitely generated torsion Λ-module and has no nontrivial finite Λ-submodule. Using an isomorphism Λ ≃ Z p [[T ]] we may write a generator of the characteristic ideal of X ∞ as p µ P (T ), where µ is a non-negative integer and P (T ) is a distinguished polynomial. Theorem 1.1. (Gillard f or all k, [9, 10] and Schneps f or k principal, [23] ) The invariant µ vanishes for p ≥ 5.
The ingredients used by Gillard to prove this important result are essentially:
1) The algebraic independance of formal multiplications on elliptic curves.
2) The p-adic L functions for p ≥ 5. The first ingredient is absolutely general and does not use the hypothesis p ≥ 5. It is the analogue of the algebraic independance result used by Sinnott in [27] to obtain a new proof of the theorem of Ferrero and Washington, cf. [6] . Moreover, the p-adic L functions used by Gillard were constructed and studied by him only for p ≥ 5. Fortunately these functions are available for any p. They are constructed for instance in [7] . In this paper we prove Theorem 1.2. µ = 0 for all p.
Our proof uses the approach of Gillard. It is valid for any prime p. The informed reader knows the crutial role of the p-adic L-functions for our purpose. For example each of the Iwasawa invariants of X ∞ is related to the corresponding invariants of the p-adic L p,fχ 0 -functions defined in section 6. This fact is proved in [7, Theorem 2.1 Chapter III, page 109] when p ≥ 3 and follows from (40) in the general case. For these reasons we have devoted most of this text to the construction and study of the p-adic L functions. In this we rely on the book of de Shalit, cf. [7] . In particular we use a special class of CM elliptic curves, whose description is given in section 3 below. The Robert elliptic ψ-functions obtained from theses curves give us both elliptic units and the associated Coleman power series. We transform these power series into integral measures and then we obtain our p-adic L-functions by integrating characters. Let us observe that the elliptic curves used have complex multiplications by O k and have good ordinary reduction at p. This requires us to use generalized Weierstrass equations to obtain integral models at any predetermined prime p, especially at p = 2 or p = 3. Also we should mention that it is the first time Robert's ψ-functions are used for the construction of p-adic L functions. De Shalit and Gillard have used their 12-th power. See section 3.
Recently Ashay Burungale and Ming-lun Hsieh proved in [3] that the µ-invariant of p-adic Heck L-functions for CM fields vanishes for any ordinary prime p > 2. On may ask if it is also the case for p = 2.
Notations and conventions
Throughout this paper we denote by Q the algebraic closure of Q in C and we see all our number fields as subfields of Q. By definition k ab is the abelain closure of k in Q. We choose, once for all, an embedding
such that p is the prime ideal of k defined by i p . We denote by P the prime of Q determined by i p and for a subfield H of Q we denote by H P the completion of i p (H) in C p . By log : C then we denote (a, K/k) the automorphism of K/k associated to a by the Artin map. If f is an integral ideal of k then we write k(f) for the ray class field modulo f. Hence, k(1) is the Hilbert class field of k. As always the number of roots of unity congruent to 1 modulo f will be denoted w f .
Robert elliptic functions and Shimura curves
Let L ⊂ L ′ be two lattices of C such that the index [L ′ : L] is prime to 6, and let ℘ L be the Weierstrass function attached to L. G. Robert introduced in [20] the elliptic function
For any λ ∈ C × , we have ψ (λz; λL, λL
Now assume that L and
where the product is over any complete system of representatives system of L ′ /L. Moreover, if ρ = 0 is an m-torsion point of C/L for some ideal m of O k prime to a, then ψ ρ; L, a −1 L ∈ k(m) × and for all ideal b prime to m we have
In particular if m = nq where n is an ideal of O k and q is a prime ideal of O k , then we have
Theses special values of Robert ψ-functions are used for instance in [17, 18] to construct groups of elliptic units with very ineresting properties. We also draw the attention of the reader that theses functions have an analogue in positive caracteristique and are closely related to Drinfel'd modules. See [16] for more details.
To construct p-adic L functions it is crutial to use lattices L associated to Shimura elliptic curves, that is those curves satisfying the properties E1 and E3 given below. Therefore, from now on we fix an integral ideal f of O k prime to p such that w f = 1, and we set F := k(f).
Also we fix an elliptic curve E such that E1. E has complex multiplication by O k . E2. E is defined over k(f).
E3. All the points of finite order of E are rational over k ab .
E4. E has good reduction at all the primes of k(f) not dividing fO F .
The existence of elliptic curves defined over k ab and satisfying E1 and E3 is proved in [24, page 216] . The existence of elliptic curves E with the additional conditions E2 and E4 is proved for instance in [7, Chap. II, §1.4 Lemma]. Let R be the integral closure in F of the discrete valuation ring S −1 O k , where S := O k \ p. We fix a minimal generalized Weierstrass model of E with coefficients in R,
By minimal we mean that the discriminant of such an equation is a unit at all the prime ideals of F above p. Let ω E be the usual holomorphic invariant differential attached to (8) , that is
The pair (E, ω E ) determines a unique O k -lattice L of C such that the following isomorphism holds,
where for all z ∈ C \ L, θ ∞,E (z) is the unique point whose coordinates x ∞ (z) and y ∞ (z) are given by
where
where b 4 := 2a 4 + a 1 a 3 and b 6 := a 2 3 + 4a 6 . Moreover, the discriminant of the equation (8) 
If σ ∈ Aut(C) then the conjugate E σ of E has also complex multiplications by O k . Thus E is isogenous to E σ by [24, Proposition 4.9] . Now suppose that σ ∈ Gal(C/k) and that the restriction of σ to F is the automorphism σ a = (a, F/k) of F/k associated by the Artin map to some integral ideal of k prime to f, then by Shimura reciprocity law there exists an isogeny λ a : E −→ E σa uniquely determined by the condition
for any torsion point of E of order prime to a, [24, Theorem 5.4] . It is easy to see from (13) that λ τ a = λ a , for any τ ∈ Gal(C/F ). This proves that λ a is defined over F . Let ω σa E be the image of ω E by σ a , then there exists Λ(a, L) ∈ F such that
Indeed, λ * a ω σa E is a holomorphic differential on E defined over F , and we know that such differentials form an F -vector space of dimension 1. Also we deduce from [24, Theorem 5.4 ] that the lattice attached to (E σa , ω σa E ) is L a := Λ(a, L)a −1 L and the following diagram commutes
In particular,
Also we see by using (13) and the above commutative diagram that Λ(xO k , L) = x for any x ∈ O k satisfying x ≡ 1 modulo f. Another consequence of (13) is the relation
, from which we derive the cocycle rule
for all the integral ideals a and b prime to f. This allows us to define Λ(a, L) even for fractional ideals of k that are prime to f. Let us remark that E σ b also satisfies (7) and
Let E be the one parameter formal group of E at the origine, with parameter t := −x/y. E is defined over Z[a 1 , . . . , a 6 ] and we have E(t(P ), t(Q)) = t(P + Q).
To go further we consider E as defined on C p by using the embeding i p . Let M ⊂ C p be any complete field containing F P . Let O M be the valuation ring of M and let p M be the maximal ideal of O M . We write E(p M ) for p M endowed with the group law given by 
.. is the unique series with coefficients in O F P such that s(0) = 0 and
In other words, we have the power series expansions
We remark that
Actually one may also define a map θ Cp p,E in a similar way as above and prove that it is an isomorphism by using essentially the same arguments used in the case of local fields. We shall write θ p,E instead of θ
be the unique homomorphism of rings extending the map i p , such that C E (x ∞ ) = t −2 a(t) and C E (y ∞ ) = −t −3 a(t). In the sequel we will also use the notationf for C E (f ). The normalized invariant differential of E/O F P is given bŷ
] is the unique logarithm map of E satisfying λ ′ (0) = 1, cf. [26, Chap.IV, §4 and §5]. It is also well known that λ
× as proved in [13, §5.8] . It is interesting to remark that the equality t = −x/y and (9) allow us to expand t as a power series in z, t = ϕ(z). The logarithm λ is the inverse of ϕ, that is ϕ • λ(t) = t.
Let us recall one more helpful relation, used in the proof of Propositions 4.1 and 4.2.
whenever it is defined. If a is an integral ideal of O k then we denote by E[a] the group of points of E annihilated by all a ∈ a. By definition F (E[a]) is the abelian extension of k generated by F and by the coordinates of the points of E in E[a]. It is proved in many references that F (E[a]) = k(a) for any elliptic curve E satisfying E1, E2 and E3 in (7) and for any a such that f|a. See [1, 5, 7, 11] for the details. We point out that in [1, 5] the imaginary quadratic field k is assumed to be principal. We deduce from above that if a is prime to
Proposition 3.1. Let m = O k be an integral ideal prime to p, and let Ω ∈ C be a primitive
This is proved in [7, chap II, §4.9 Proposition (i), page 72]. We point out thatΨ
× is also proved in earlier works, but under some restrictive hypotheses, cf. [5, 1, 22, 30] . To check (21) we observe first that the function
is a polynomial in x ∞ (z) with coefficients in R and leading coefficient equal to
, are permuted by Gal(C/F ). Since they are integral at all the primes above p our claim is proved. Now if we replace x ∞ (z) by x ∞ (z + Ω) the addition law on E gives
Therefore we deduce that Γ(z + Ω) is a rational function of x ∞ (z) and y ∞ (z) with P-
Then, by applying (17) and (18) we see thatf
) is a P-unit, for otherwise, the images P and Q in E(H P ) of the points P :
. But the point P + Q ∈ E 1 (H P ) means that P + Q = O or its coordinates are not P-integral. This is impossible as one may check by using [26, Chapter VII, Theorem
But one sees immediately from (10) that g n (L) ∈ F for n ∈ {2, 3}, and from (15) that
By (11) and by our choice of E the discriminant ∆(L) is a unit at all the primes of F above p. Moreover, it is well known that ∆ (L) /∆ b −1 L belongs to k(1), the Hilbert class field of k, and generates the ideal bO k(1) . Since b is prime to p we deduce that
is a unit at all the primes of F above p too. This completes the proof of the proposition.
Corollary 3.1. Let m = O k be an integral ideal of O k prime to p, and let Ω ∈ C be a primitive m-torsion point of C/L. For any ideals a and b, such that a is prime to 6mfp and b is prime to 6amfp, the function Ψ
Proof. This is a direct consequence of Proposition 3.1 since we have the identity
which is a particular case of the multiplicativity formula satisfied by Robert Functions, [21, Corollaire 3] .
Coleman series of elliptic units
Let k ur p be the maximal unramified extension of k p := k P in C p . As it is well known the group Gal(k ur p /k p ) is topologically generated by the Frobenius automorphism Φ, uniquely determined by the condition
for any root of unity ξ of order prime to p. Φ is also caracterized by the fact that, for any integral element x in k ur p the image Φ(x) is congruent to x p modulo the maximal ideal of k ur p . Let us remark that the restriction of Φ to F (actually to i p (F )) is just the Frobenius automorphism σ p := (p, F/k) of F/k at p. As we have seen in the previous section, there is an isogeny λ p : E −→ E σp from which we derive a morphism of formal groups
In other words,
Further, the equality E σp = E Φ and the fact that
clearly shows that E is a Lubin-Tate formal group relative to the extension F P /k p as defined in [7 
To simplify notation we shall write
Hence if we let F n := F (E[p n ]) then, as we have explained just before Proposition 3.1, the field F n is equal to the ray class field k(fp n ); and by the equality above
To go further we need to produce primitive p n -torsion points of the elliptic curve E (n) := E Φ −n . We fix throughout this section
This assumption means that L = Ωc −1 f, where c is an ideal of O k prime to f. Let us also make the following hypothesis T he ideal c is prime to p.
Let x ∈ p be such that x ≡ 1 modulo f. Then Φ −n = σ an = (a n , F/k), where a n := (xp −1 ) n , and
we denote Φ n (g) or g Φ n the power series obtained by applying Φ n to the coefficients of g. Also we set
Lemma 4.1. The elements π n := θ
and
Proof. The isogeny λ
) and induce the following commutative diagramm
This implies the equality Φ −n (f )(π n ) = π n−1 . As proved in [7, Chapter I, Theorem 2.2, page 13], for any norm-coherent sequence
× such that for any
Proposition 4.1. Let b be an ideal of O k prime to 6fp. Then the Coleman power series associated to the projective system of elliptic units v :
Proof. Let us first remark that for any n ≥ 1
is a unit of k(p n f) as is well known. Moreover, the power seriesΨ
× , thanks to Proposition 3.1. Further, if we choose x such that a n is prime to b then the definition of Robert ψ-functions and (13) give the equality
Ωn,b , where Ω n := Λ(a n , L)Ω. Now an easy computation using (20) giveŝ
Proof. From the multiplicativity formula (22) and the fact that
for any integral ideal c prime to 6p we deduce the relation
The computation rule (20) giveŝ
In this last part of section 4 we insert a lemma that will be used in the proof of Proposition 6.1. Let d ∈ O k be prime to fp. Then Ω ′ := dΩ is also a primitive ftorsion point of C/L satisfying the points 1. and 2. above. Moreover, the corresponding u
by the definition of π n and (23). Thus if we define π
Since
we obtain the following result
Proof. Use the equality
Proposition 4.2 and (27).
Logarithmic derivative of Coleman series
By the classical theory of formal groups we know that any translation-invariant derivation
, where c ∈ O F P (resp. c ∈ F P ).
Let U f,n (P) be the pro-p-part of O × Fn
. Taking the projective limit under the norm maps, we define
Recall that for u ∈ U f,∞ (P)
To
where t[+]ω := E(t, ω). 
] we obtain
The field of rational functions on E over F is F (x ∞ , y ∞ ) with x ∞ and y ∞ satisfying (8) . Let Ω, a and b be as in Corollary 3.1 with m = f and let V := Ψ L Ω,a,b . Then by using the equality (x ∞ , y ∞ ) = θ ∞,E (z) we see that
is a rational function on E/F . We draw the attention of the reader that it is necessary to take m = f to be sure that R L Ω,a,b is defined over F . Let A be the localization of O F at p F := P ∩ F . Since E is assumed to be an irreducible curve 
Let us remark that reduction modulo the coefficients and the map C E defined in section 3 give a commutative diagram
where the vertical maps are injectives and c E is deduced from C E .
Proposition 5.1. Let Ω be as in §4. Suppose we have the follwing data. . Therefore Corollary 5.1 implies that
Since c E is one to one we are reduced to consider red 1 R L dΩ,a,b . But these rational functions on E/F q are linearly independant on F q . For, the support of the polar cycles C 
The p-adic L functions and their µ-invariant
Let us fix, once for all, primitive p n roots of unity ζ n such that ζ p n = ζ n−1 . We recall that D is the completion of the maximal unramified extention of k p .
The measure µ f
Let f, E and L be as in section 3 above. Since the quotient Λ(p, L)/p is a unit in F P ⊂ D, where F = k(f), there exists a unit Ω p ∈ D such that the following equality holds
whose proof may be found for instance in Iwasawa's book [14, Lemma 3.11] . Thus, if G m is the multiplicative formal group then there exists a unique isomorphism of formal groups η :
where [p] m := (1 + X) p − 1. This implies in particular that for any a ∈ O kp = Z p ,
Let F ∞ := ∪ F n and let G := Gal( F ∞ /F P ). Then, by [7, Proposition 1.8 page 11], there exists a unique isomorphism of topological groups κ :
The map κ does not dependant on our choice of E or f. Indeed, on one hand the Galois group 
Let us now make our choice of E and L so that L = Ωf for some Ω, which in turn is automatically a primitive f-torsion point of C/L. Then by the general theory of formal groups, there exists
where (π n ) n is the system defined in Lemma 4.1. Thus, replacing Ω p by dΩ p if necessary, and η by [d] E • η we may suppose that ω n = π n , for all n.
For any β ∈ U f,∞ (P) the power series
Chapter 4 of Lang's book [15] , particularly Theorems 1.1 and 1.2 are helpful to undertand the connection between measures on Z p and power series. We should recall that if H and H ′ are any profinite abelian groups and h : H −→ H ′ is any continuous map then we can use h to carry a given O D -valued measure µ on H to obtain an O D -valued measure h * µ on H ′ defined as follows. Let χ : H ′ −→ C p be a continuous map. Then
where h τ is multiplication by τ . If
where µ g (resp. µ g•[a]m ) is the measure on Z p associated to the power series g (resp.
for any compact open subset U of G and all γ ∈ G. For any n and any prime ideal D of k(fp ∞ ) := ∪k(fp n ) above p we denote U f,n (D) the principal units in the completion of k(fp n ) at D. We denote the projective limit
the projective limit of semi-local units. Let us identify G to I f := Gal(k(fp ∞ )/k(f)) and let i : I f −→ G f,∞ := Gal(k(fp ∞ )/k) be the inclusion map. Then to any β ∈ U f,∞ we associate the following O D -valued measure on G f,∞ ,
where R is any complete representative system of G f,∞ modulo I f and, for any σ ∈ R, (β σ ) P is the canonical image of β σ in U f,∞ (P). Let us remark that the definition of µ 0 β does not depend on R. This is a consequence of (30) . Moreover the map
For any n ∈ N we let
D describes the set of prime ideals of F n above p, Let us denote υ n this map,
Then we shall always assume that the component in U f,n (P) of υ n (β) is the projection of i p (β). We are interested in the projective system of semi-local units
where a and b are as in proposition 4.2. Since
the power series g (β σ ) P depends only on f, a, b and σ, and the measure µ 0 β depends only on f, a and b. We denote it µ f (a, b). If c is an ideal of O k prime to fp then we denote σ c the automorphism (c, k(fp ∞ )/k) associated to c by the Artin map. The relations
As it is shown in [7, 
The norm relations (6) have a translation in terms of measures. Indeed, Let q be a prime ideal of O k and let g = fq. Then µ g induces by using the restriction map res
This allows us to define µ f even if w f = 1. Indeed, suppose f = (1) and choose any positive integer m such that w f m = 1. Then we set
This definition does not depend on m thanks to (32). If f = (1) then we remark that
for any prime ideals q 1 = p and q 2 = p. Therefore there exists a unique pseudo-measure µ (1) such that res
for any prime ideal q = p.
The p-adic L-function L p,f and associated power series
Let us fix
an isomorphism of topological groups, where ǫ := 1 if p = 2 and ǫ := 2 if p = 2. Then for any O D -valued measure µ on G f,∞ and any p-adic character χ of G f,∞ of finite order we define
where κ 1 (σ) := κ 1 (σ |k∞ ). We define L µ (1) , (1) by the same formula when the pseudo-measure µ (1) is considered, but then we assume χ = (1). By definition
Let us fix an isomorphism
Let γ 0 (resp. c) be a topological generator of Gal(k ∞ /k) (resp. 1 + p ǫ Z p ) and let κ 1 be chosen so that c := κ 1 (γ 0 ). Then any element of 1 + p ǫ Z p is uniquely written as c x , with x ∈ Z p . Thus we have a continuous map
is the finite extension of D generated by the values of χ, supposed to be non-trivial when µ
] be the power series associated to this measure and let υ := (κ 1 )
See [15, Chap.4, Theorem 1.2 and Example 2]. Moreover, if we write χ = χ 0 χ 1 , where χ 0 is trivial on Gal(k ∞ /k) and χ 1 is trivial on Gal(k(fp
,
The proof of such equality may be found in [15, Chap.4, meas 2]. By definition we set
We point out the relation
for any χ = (1) and any prime ideal q = p. Also we define
where q = p is any prime ideal satisfying γ
In particular, for χ = χ 0 χ 1 as above with χ 0 = 1, we have
Let f, E and L be as in subsection 6.1. In particular, we have L = Ωf. Let µ = µ 0 β for some β ∈ U f,∞ . Then one may write G µ (χ 0 , X) in terms of what Gillard call the Iwasawa-Mellin-Leopoldt transform of measures obtained from
The differential operator D Ωp is already defined in the beginning of section 5 as
Here we should mention the relation λ • η(X) = Ω p log(1 + X) from which we
where ϕ(x) = x for all x ∈ Z If µ = µ g for some power series g then we also write IML(g) for IML(µ g ). In the proof of Proposition 6.1 below we shall use the relation
easily deduced from the definition of the IML transformation and from (28) and (29) . Let f ∈ N be such that k(f) ∩ k ∞ = k(1) ∩ k ∞ = k f and let s = p f . Let γ 0 and c be such that the restriction of κ −1 (c) to k ∞ is equal to γ s 0 ,
Let ω : Z × p −→ ∆ p be the group homomorphism such that x = ω(x)c ℓ(x) and let us set ω(x) = 0 for x ∈ pZ p . For any u ∈ U f,∞ (P) we set
Proof. Since the computations are straightforward we omit them.
Let f, E and L be as in section 3 with the additional condition L = Ωf for some complex number Ω. Let ord be the valuation of C p normalized by ord(p) = 1. Let M be a finite extension of
valued measure α on Z p , then by µ(f ) or µ(α) we mean the minimum of ord(a n ), n ∈ N. Usually we denote f * the power series associated to the restriction of α to Z × p . We have
Let M be a finite extension of Q p , and let f a , a ∈ F be a set of power series in
Proof. If p ≥ 5 then this theorem is exactly Théorème 1.5.1 of Gillard's paper [9] . If p = 2 or p = 3 then Gillard's method still applies. Indeed, following a remark made by Sinnott in his proof of [27, Theorem 1] and also used by Gillard, we may suppose that
for all a ∈ F and all δ ∈ µ(k). In this case, and since w k = 2, we have to prove
Let us denote α a , for a ∈ F , the
Then it is easy to see that
Let g a • η be the power series associated to α a | δaU . Then, since ∆ p = µ(k) = {−1, 1}, the left hand side of (36) is equal to 2µ
Hence we have to show
We may assume that min
, for all a. This result is the analogue of [27, Lemma 1.1]. Let us briefly explain how to check it. Fix a ∈ F . Let χ a be the characteristic function of δ a U and decompose χ a as a sum
where θ := ζ −δa ǫ . Let t := η(X) and
where t[+]t i = E(t, t i ). The addition law on E(see for instance [26, page 58] ) and the fact that the t
By reducing g a modulo the maximal ideal of M ′ we obtain the equality
By [9, 1.1.1 Théorème], for any a ∈ F the power seriesḡ a • [a] E is constant. Henceḡ a is contant. Let π be a uniformizer of M ′ and υ 0 be the Dirac measure at 0. As Sinnott did in his case we translate the above conclusion into measures to obtain Let J be a set of ideals of O k , prime to fp, in bijection with Gal (k(1)/k) via the Artin map. For each j ∈ {0, ..., s − 1}, we define J j ⊆ J to be the subset formed by the c ∈ J such that < σ c >≡ j mod s, where σ c := (c, k(fp ∞ )/k).
Lemma 6.2. If c is a principal ideal of O k prime to fp, generated by some
Proof. Since σ c is the identity map on F we deduce from section 3 that the isogeny λ c is simply the endomorphism of E associated to x, and that σ c commutes with θ p,E . In particular for any ω ∈ W f E we have
But we know from (23) 
). This proves the lemma. 
Proof. In his original proof Gillard used the grossencharacter of the elliptic curve E over k(f). Here we give a more elementary proof using only lemma 6.2. Let (x n ) n≥ǫ be a sequence of elements in O k all prime to fp, such that x n ≡ 1 modulo f and x n ≡ x modulo p n , for all n ≥ ǫ. In particular i p (x n ) ∈ 1 + p ǫ Z p . Let c n := x n O k , then by lemma 6.2 we have κ(σ cn ) = i p (x n ) which implies, thanks to (34), that
We deduce the corollary by using the continuity of κ 1 . Proof. This is a consequence of the above corollary 6.1. The proof of Gillard is valid even in the case p ∈ {2, 3}. So we omit the details. 
Proof. Let R ′ be a complete system of representatives of Gal (k(fp ∞ )/k(1)) mod I f . Since µ 0 β does not depend on the choice of R, we may take R = ⊔ s−1 j=0 R j , where R j is the set of products σ d σ ′ with d ∈ J j and σ ′ ∈ R ′ . By Lemma 6.1, we have
where for all j ∈ {0, ..., s − 1},
In such a situation the lemma 2.10.2 [9] is helpful, since by this lemma it is sufficient to show that S 0 is prime to p or, equivalently, S 0 (c(1 + X) − 1) is prime to p. If for u ∈ U f,∞ (P) we denote f u the power series D Ωp ( log F Ω,u ) then by (33) and (35) we have
Also we may write
, where the sum is over all d ∈ J 0 and where
Let Ξ ⊂ O k be a complete representative system of (O k /f) × modulo µ(k). We assume that all the elements b in Ξ are prime to 6pf and b ≡ 1 modulo p ǫ . Let us take R ′ to be the set of σ b := (bO k , k(fp n )/k) with b ∈ Ξ. Corollary 6.1 then implies
Since F β =Ψ L Ω,a,b we have The last step is to apply Proposition 5.1 whose second hypothesis is satisfied by the elements δb of O k . Hence we deduce that the above sum has at least one coefficient prime to p D(χ 0 ) . This completes the proof of the proposition.
The µ-invariant of L p,f
The aim of this short subsection is to prove the following Proof. The Theorem is a simple consequence of Proposition 6.1 since by construction we may assume that w f = 1. But in this case we have
For any β := (υ n (ψ Ω; a −1 p n L, (ba) −1 p n L ν )). This concludes the proof.
7 From p-adic L functions to X ∞ Let K be the abelian extension of k fixed in the introduction, and let us denote by K nwe find the relation
where the product is over all the non-trivial Q p -characters of Gal(K n /k). For each such χ we have written g χ for the least positive integer in g χ and w gχ for the number of roots of unity in k congruent to 1 modulo g χ . From (38) and (39) we deduce
But recall the p-adic Kronecker formula stated in [7, Theorem 5.2 page 88]. We have
Where f χ is the part of g χ prime to p. If g χ = f χ p nχ and f is any multiple of f χ prime to p and such that w f = 1 then
It is easy to check the relation G(χ)G(χ −1 ) = χ(τ )/p nχ where τ is the restriction to k(fp nχ ) of κ −1 (−1). Thus, by the conductor-discriminant theorem proved for instance in [14, Theorem 7.15] we obtain the relation
.
Further, we remark that for all root of unity ζ of order ≥ p n 0 , where λ χ 0 is the λ-invariant of G p,fχ 0 (χ 0 , X). Thus there is a constant ν an such that
for all sufficiently large n, with λ an := λ χ 0 . Since [M n : K ∞ ] = #(X ∞ ) Γn = p µ∞p n +λ∞n+ν∞ for any n >> 0, where µ ∞ , λ ∞ and ν ∞ are the Iwasawa invariants of X ∞ we deduce that µ ∞ = 0, λ ∞ = λ an and ν ∞ = ν an .
This proves the theorem 1.2 given in the introduction. The interested reader may take a look on [28] where a comparison between the Iwasawa invariants of the projective limit of the p-class group and the projective limit of units modulo elliptic units.
